
SOLUTIONSHEET #2 :

1
.
(i)(ii) As [L :K]*1 there exists de LIK and we have the following

chain of extensions k[k()L

Thus [K(x1 : K] / [L : K] , also [L :K] =2 = [K(x) :K]= 2
because KII*K

.
This also implies that L= k(X).

Now K(x)= K[X]/ (mr
,<)

where MK, is the minimal

polynomial of X over K
.

as [KId) : K] = 2 then deginkix = 2.

Write Mak= x2+ aX +6 with a,bEK. Note that I is a Not of Mak
-> we have <2+ ad+ 6 =0 22+ ax = -bEk

I chark +2 we have (+z
2
= c+ ad + = bt

=> (+ )2eK and as
KIdl = K(+) we are done

.

If chark=2 and a=0 then a2EK and we are done. Suppose
that ato.

Then+
moreover K(X) =KI and we are done.

2. If there exists F an intermediate field between K and L

then [F :R] /[L :k] but [Lik] = p for some p prime
=> [F :K) = 1 or [F : k] = p , in the former case FEK and
in the latter case FFL as then [L : F] = 1.

3. (i) First note that K(4 = KI) So K(42) is an intermediate

field extension between K and KIG).
Now suppose that KI4 + KIXI. Note thatd is a root of
X222 + K(x2)[x7 therefore [K(d) : Kix4] < 2 but

it is not equal to 1 [k() : K(x21] = 2
.

But then [K(x1 : K(x2]/[K() : K] which contradicts that
[K() : K] is odd. - K(x4 = K(d).

(ii) Consider the field extension QQ(2) clearly Q) *Q)
Ason easier example , we can take the extension QEQ(z)

clearly Q = Q(2) =Q(E) .

4. Write f= Zaixi where aith .
Let yeAut(K/L) such that 4(3)+ B,

notice that 4(3) is a root of f indeed,
0 = y(a) = y)[aipil = [GailGuli = Zai4(Bli

let G : = Aut(K/L) and observe that as f has finitely many roots thus
the orbit GB is finite.

Let GB = 3 Bc , -, Br3 .

Consider the polynomial g =T (X-Bil observe that
the coefficient of Xs in g is given by



& Biz . - - Bikj .

It can be seen that permuting the Bi don't change these[iz, - , in-j) -311 - , k coefficients. In particular the coefficients of g are
fixed under the action of G . By hypothesis FatLIk 76tG such that

↑ (a) a .

This shows that coefficients of g belong to K and gEK[X] .

Finally, notice that glf but is minimal by hypothesis. Therefore fig
and G acts transitively on the roots of f.

3
. We leave it to the reader to verify that i is a homomorphism of fields and
show that I fixes K andadmits on inverse.

a+bak6 =0 therefore for atk y(a) = Pla +Ox) = a + 0 + 0x = 9 .

We claim that ye= id. Indeed,

9)(G(a+ ba)) = q(a + b + ba) = a+ b+ b + 64 = a +26 + 6x = a+ bx

6. It suffices to show that every polycomial in A[X] has a root in A .

Let f = Zaixi A[X] and B be a root of f

We can think of as a polynomial over Q(ac , - - and then B
is contained in Q1ac , - ,an,B) a finite field extension of Quas , - , an
Notice that Qas , - ,anl/Q is also a finite field extension as
each ai is algebraic .

This shows that Q92
,
- , an ,B)/Q is a finite

field extension. As QIBI is an intermediate field between these two
fields , QBI/Q is also finite and B is algebraic =f BEA .

7
. Suppose that x is transcendental over klyl . Recall that X is transcent
dental over1 k(x) E Frack[d]

.

Consider the following commutative diagram :

k(y)(x) =Frac ((Frack[yTl[X]) E Frac(k[y][x])
IIS IIS

k(x)(y) Frac ((Frack[x]([y]) = Frac ( k[X] [y])
IIS

Frac(k(x)[yz)
This shows that K(X)(y) = Frac (KIX/[y]) . Which shows
that y is transcendental over K(X) .

Changing the roles of X and y yields the other implication.


